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 Abstract: Relaxation of conduction electron spins in a semiconductor owing to the 
hyperfine interaction with spin-½ nuclei, in zero applied magnetic field, is investigated. We 
calculate the electron spin relaxation time scales, in order to evaluate the importance of this 
relaxation mechanism. Master equations for the electron spin density matrix are derived and 
solved. Polarized nuclear spins can be used to polarize the electrons in spintronic devices. 
            
  
 Dynamics of electron spins in semiconductor nanostructures has become of central 
interest in recent years because of the promise of spintronic devices [1]. In these devices, the 
information is encoded in the spin state of individual electrons. Operation of a spintronic 
device requires efficient spin injection into a semiconductor, spin manipulation, control and 
transport, and also spin detection. One of the first spintronic devices proposed was the Datta-
Das field-effect spin-transistor, based on the electrical control of the spin-orbit interaction [2]. 
Experimental work towards implementations of this proposal has been reported recently [3,4]. 
A review of and list of references to the latest achievements in spintronics can be found in [5].  
 Once injected into a semiconductor, electrons experience spin-dependent interactions 
with the environment, which can cause relaxation. Various relaxation mechanisms of the 
electron-spin state can result owing to coupling to phonons, magnetic and nonmagnetic 
impurities, nuclear spins, spins of other electrons [6], etc.; these mechanisms are due to the 
magnetic and spin-orbit interactions [7,8]. It is important to identify the primary mechanisms 
of relaxation for a particular system and evaluate how they limit the spin phase coherence.  
 The main mechanisms of relaxation can be different for bounded and conduction 
electrons. Several recent works have identified the electron-nuclear spin relaxation 
mechanism as dominant at low temperatures, for electrons bounded in semiconductor 
quantum dots [9-13] or at donor impurities [13,14]. Three dominant spin-relaxation 
mechanisms for conduction electrons were suggested [15-18] and confirmed experimentally 
 2
(see references in [8]); these are the Elliot-Yafet [15,16], D’yakonov-Perel [17] and Bir-
Aronov-Pikus [18] mechanisms. Recent achievements in semiconductor device fabrication of 
high-purity samples with specified symmetry [19] hold promise of eliminating or at least 
significantly suppressing these spin relaxation mechanisms. Then, another mechanism of 
electron spin relaxation, that by nuclear spins, will be dominant for conduction electrons. 
Electron-nuclear spin interactions in solids have attracted much interest recently [20-
27]. Typically, semiconductor materials contain of at least one stable elemental isotope with 
nonzero nuclear spin. Interaction of spin-polarized electrons with unpolarized nuclear spins 
results in the dynamic nuclear spin polarization [20-23] and contributes to the residual 
conductivity of metals [24]. The level of nuclear spin polarization can be probed by 
measurements of the resistance [20-23], precession frequency [25], position of the 
ferromagnetically ordered ground state of the two-dimensional electron gas [26], etc. The 
interplay between nuclear magnetism and superconductivity was studied in [27] for the first 
time. 
In the present work, we investigate spin relaxation and polarization of conduction 
electron owing to their interaction with nuclear spins in semiconductor structures in zero 
applied magnetic field. The electron and nuclear spins are coupled through hyperfine 
interaction, which is most efficient in zero magnetic field because then the restrictions 
imposed by the energy conservation, i.e., by the large difference between the electron and 
nuclear Zeeman splitting, are not present. Moreover, external magnetic field is unlikely to be 
utilized in spintronic devices. Using density matrix formalism, we obtain Bloch-type 
equations describing evolution of the electron spin polarization and calculate longitudinal and 
transverse spin relaxation times. In this article we concentrate on the influence of the nuclear 
spins on the electron spins, which is reasonable for low electron densities; inclusion of the 
back-reaction of the electrons on the nuclear polarization is straightforward. For a single 
electron moving in the background of nuclear spins, the electron spin polarization relaxes 
with time to the nuclear spin polarization. We find that the transverse relaxation time depends 
on the degree of the nuclear spin polarization. It is equal to the longitudinal relaxation time if 
nuclear spins are not polarized, and is twice longer for 100% nuclear spin polarization.  
 The Model. We study conduction electron spin dynamics due to the interaction with 
nuclear spins at zero magnetic field, within a model based on the density matrix approach for 
the spin variable, while the spatial motion is considered semi-classically. Indeed, the spin 
relaxation time is typically orders of magnitude larger than the spatial-motion relaxation. 
Thus, we assume that the electrons move along trajectories, which are defined by elastic and 
 3
inelastic scattering events, gradients of potentials, etc., with an average velocity. We are not 
interested in the exact electron trajectory, and the wave-packet structure of its wave function, 
since an homogeneous nuclear spin polarization will be assumed. All the information on the 
spatial electron motion in this semi-classical treatment is lumped in the average electron 
velocity v . The electron Zeeman splitting energy due to the interaction with polarized nuclear 
spins is rather small; for 100% nuclear spin polarization in GaAs it is of the order of 1K [28]. 
If the electron temperature is of the same order of magnitude or smaller, then the electron-
nuclear spin interaction could strongly affect the electron spatial motion. For example, it was 
suggested that local nuclear spin polarization can confine the electrons into quantum wires 
[29]. In the present paper we focus on the opposite case: the effect of the electron-nuclear spin 
coupling on the electron spatial motion is neglected. This is appropriate, for instance, for 
spintronic devices operating at room temperature. 
 The electron interacts with those spin-½ nuclei that are located near its trajectory. 
Consideration only of nuclei with spin ½ allows derivation of tractable expressions for 
relaxation times. Relaxation of conduction electron spins by nuclear spins larger than ½, 
taking into account quadrupole interaction effects, will be considered in a future work. The 
hyperfine interaction of the electron and nuclear spins is given by the Fermi contact 
Hamiltonian [30], 
    ( )i i
i
H A t Iσ= ⋅∑ rr  ,      (1) 
where σr  is the Pauli-matrix vector corresponding to the electron spin, while iI
r
 similarly 
represents the spin of the i th nucleus, and iA  is the hyperfine coupling constant of the i
th
 
nuclear spin to the electron spin, ( ) 20 ,3
8
trgA iiBi
rψµµπ= . Here Bµ  is the Bohr magneton, iµ  
is the magnetic moment of the i th nucleus located at position ir
r
, and ( )tri ,rψ  is the time-
dependent orbital part of the electron wave function at the nucleus position. In our semi-
classical approximation, the electron-nuclear spin hyperfine coupling constant iA  is assumed 
to be constant, iA , during a small time interval from it  to i it tδ+ , and zero otherwise. The 
time interval itδ  is the effective time of the electron-nuclear spin interaction, as the electron’s 
trajectory takes it near the i th nucleus. Moreover, we assume that at any time, the electron 
either interacts with one nuclear spin or does not interact at all, that is 1i i it t tδ ++ < .  
 We will study the evolution of the electron-spin density matrix due to consecutive 
interactions with nuclear spins along the electron’s trajectory. Assuming that between 
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collisions, the spin-up and spin-down electron-spin orientations are degenerate, the relative 
phases of the density matrix elements are unchanged and it can be taken constant. Let us point 
out that, in addition to the applied magnetic field being zero, this assumption also implies that 
other spin-dependent interactions are weak. Since some of these might be needed to control 
spin-dependent transport in spintronics, notably, the spin-orbit interaction, our calculation 
applies for motion between the spintronic “gate functions.” 
 Thus, we assume that the electron spin density matrix evolves only by interactions 
with nuclear spins. Before the interaction of the electron with the i th nuclear spin, at times 
iii tttt <<+ −− 11 δ , the electron spin and i th nuclear spin are uncorrelated. The electron spin is 
described by the density matrix 



=
−−
−−
−
1
11
1
10
1
01
1
001
ii
ii
i
e ρρ
ρρρ , with ( )*1 110 01i iρ ρ− −=  and real 
1 1
11 001
i iρ ρ− −= − . The following parameterization is used for the i th nuclear spin density matrix, 




−+
−+
=
z
i
y
i
x
i
y
i
x
i
z
i
i PiPP
iPPP
1
1
2
1ρ
 ,    (2)  
where iP
uv
 is the (real) polarization vector of the i th nuclear spin. At itt = , the initial density 
matrix of the two-spin system (the electron and nuclear spins) is given by  
    ( ) iieit ρρρ ⊗= −1  .      (3) 
The evolution of the two-spin system during the time interval itδ , is given by [ ]ρρ ,Hti =∂
∂h . 
After the interaction, we trace the total density matrix (3) over the nuclear spin. This yields 
the reduced density matrix of the electron spin at i it tδ+ , after the interaction, 
( )
i
i
e I i itr t tρ ρ δ= + . It is assumed that electron interacts with each nuclear spin only once. 
Under these assumptions, we can obtain recurrence equations for the reduced density matrix 
elements of the electron spin. 
 Let us consider this calculation in detail. In the two-spin space, the total wave function 
is ⇓↓+⇓↑+⇑↓+⇑↑= 3210 bbbbϕ , where ,⇑ ⇓  and ,↑ ↓  denote electron and nuclear 
spin states, respectively. We write the wave function as a column vector of 0,1,2,3kb = . In this 
representation, the Hamiltonian describing the electron-nuclear spin interaction, cf. (1), takes 
the form 
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
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2 iii AAH  .  (4) 
The evolution equation yields, 
    ( ) ( )i i i i
i iH t H t
i i it t e t e
δ δρ δ ρ−+ = h h
 .    (5) 
It turns out that all the calculations required to evaluate (5), can be carried out in closed form. 
After some lengthy algebra, we get the recurrence equations for the elements of the electron 
spin density matrix,  
( ) ( ) ( ) ( ) ( )1 2 2 1 100 00 10 10sin 41cos 2 1 sin 2 Im Re2 2i i z x i y iii i i i i
a
a P a P Pρ ρ ρ ρ− − −= + + + −  ,     (6) 
( ) ( ) ( ) ( ) ( )21 2 110 10 00sin 4cos 2 sin 2 cos 22 2
ii a
i i z x y ii
i i i i i i
a e
a iP i P iP a aρ ρ ρ
−
− −
   
= + + + −     
 ,    (7) 
ii
0011 1 ρρ −=  ,   ( )*1001 ii ρρ =  ,            (8) 
where  
i i
i
A t
a
δ
= h  .       (9) 
It is convenient to rewrite Eqs. (6)-(8) in terms of the electron spin polarization vector, 
defined similarly to the nuclear spin polarization vector (see Eq. (2)), i.e., ( )ixiS 10Re2 ρ= , 
( )iyiS 10Im2 ρ=  and 12 00 −= iziS ρ . Eqs. (6)-(8) can then be rewritten in the matrix form 
( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
1
2
1
1
cos 2 sin 2 sin 2
sin 2 cos 2 sin 2 cos 2 sin 2
sin 2 sin 2 cos 2
x x z y x
i i i i i i i i
y y z x y
i i i i i i i i i i
z z y x z
i i i i i i i i
S P a P a P a S
S a P a P a a P a S
S P P a P a a S
−
−
−
       −       
= + −              
−       
 , (10) 
or, equivalently, in the vector form 
  
( ) ( ) ( ) ( ) 1212 2cos2sin2cos2sin −− ×++= iiiiiiiii SPaaaSaPS rrrrr  .  (11) 
This equation must be supplemented by the expressions for the density matrix at 0=t  and for 
the polarization vectors of the nuclear spins. Examples are considered below. All the results 
given in the figures below, were obtained, for definiteness, assuming that the initial electron 
spin polarization was 100%, in the positive direction along the z  axis, i.e., 000 ==
yx SS  and 
10 =
zS .  
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Polarized nuclei. Let us assume an homogeneous nuclear spin polarization, that is 
PPi
rr
= . It is convenient to introduce the transverse and longitudinal components of the 
electron spin polarization vector defined with respect to the direction of the nuclear spin 
polarization, ⊥+= iii SSS
rrr
. The equations for the transverse and longitudinal polarization 
components can be easily decoupled,  
  ( ) ( )iiiii aSaPS 2cos2sin 212 −+= rrr       (12) 
and 
( ) ( ) ( ) ⊥
−
⊥
−
⊥ ×+= 1
2
1 2cos2sin2cos iiiiiii SPaaaSS
rrrr
 .   (13) 
Consider Eq. (12). Expressing 1−iS
v
 through 2−iS
v
 and so on, we finally obtain 
( ) ( ) ( ) ( ) ( ) ( ) 0
1
2
2
2
1
22
1
22 2cos2cos2sin...2cos2sin2sin SaaaaaaPS
ik
k
ik
kiiii
rrr ∏∏
==
−
+


+++= . (14) 
After averaging over the ensemble of electrons, Eq. (14) takes the form 
( )( ) ( ) ( )( ) ( )PSePPSaPSaaPS Ttiiii rrrrrrrrr −+=−+=+−= − 002022 2cos2cos2cos1   , (15) 
where a  is an average value of ia , and the longitudinal spin relaxation time is introduced as  
( )( )a
tT
2cosln2
∆
−=  ,      (16) 
 where t∆  is the average time between electron-nuclear spin interactions. 
The dynamics of the transverse electron spin relaxation is governed by Eq. (13). The 
two terms on the right-hand side of Eq. (13) are perpendicular to each other. Evolution of the 
modulus of the transverse component of the electron spin ⊥S
r
, is given by 
( ) ( ) ( ) ( ) ( ) ( ) 222121222421 2sin2cos2cos2cos2sin2cos iiiiiiiiiiii PaaaSSPaaaSS rrrrrr +=+= ⊥−⊥−⊥−⊥
            (17) 
We can rewrite Eq. (17) in the form ( ) ⊥−⊥⊥ = T
t
eStS 0
rr
, with the transverse spin relaxation time 
( ) ( ) ( ) 


+
∆
−=⊥ 222 2sin2cos2cosln Paaa
tT r  .   (18) 
Eq. (18) shows that the transverse spin relaxation time is a function of the nuclear spin 
polarization. Consider it in two limiting cases. If nuclear spins are unpolarized, 0=P
r
, then 
the transverse spin relaxation time is equal to the longitudinal spin relaxation time (Eq.(16)). 
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In the opposite limit, when the nuclear spins are 100% polarized, 1=P
r
, the transverse 
relaxation time is longer by a factor of 2 then the longitudinal relaxation time. For 
intermediate values of the nuclear spin polarization, the transverse ratio is between these two 
limiting values. 
 Using Eq. (13), we can also calculate the angular velocity ω  of the electron spin 
precession around the direction of the nuclear spin polarization. The angle between 1−iS
r
 and 
iS
r
 is ( )( )ii aP 2tanarctan r=ϕ . Since the direction of the electron spin polarization varies by ϕ  
during the time interval t∆ , the angular velocity is given by  
   
( )( )
t
aP ii
∆
=
2tanarctan
r
ω  .     (19) 
Using Eqs. (16), (18) for the relaxation times and Eq. (19) for the angular velocity, one finds 
the Bloch-type equation describing the evolution of the electron spin polarization 
S
P
P
T
S
T
SP
t
S rr
rrrrr
×+−
−
=
∂
∂
⊥
⊥
ω
 .     (20) 
Fig. 1 and Fig. 2 illustrate the results obtained in this part of the paper. Fig. 1 shows 
the longitudinal relaxation of the electron spin, when the nuclear spin polarization is defined 
as 0== yi
x
i PP  , 1−=
z
iP  and the initial vector of the electron spin polarization is opposite to 
the nuclear spin polarization. The z -component of the electron spin polarization relaxes to 
the nuclear spin polarization with the relaxation time given by Eq. (16). The transverse 
relaxation of the electron spin polarization by the nuclear spins with the following 
polarization: ,1=xiP  0==
z
i
y
i PP , is presented on Fig. 2. The oscillations of 00ρ  and 
( )10Im ρ  reflect the precession of the electron spin polarization vector around the direction of 
the nuclear spin polarization. 
Unpolarized nuclei. It is important to study the electron spin relaxation by unpolarized 
nuclear spins. For zero polarization vector, 0=== zi
y
i
x
i PPP , the evolution of the electron 
spin polarization is given by Eq. (20). The components of the electron spin polarization relax 
exponentially to the nuclear spin polarization with the relaxation time given by Eq. (16). This 
solution is shown on Fig. 3 by the dotted and dash lines (the initial electron spin polarization 
was selected again in the z+ -direction).  
  Description of the nuclear spin polarization by the density matrix corresponds to the 
quantum-mechanical ensemble averaging over different system realizations. We have studied 
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the noisy behavior of the electron spin relaxation when the system of Eqs. (6)-(8) is solved 
numerically assuming a single nuclear-spin-system realization, with random spin 
polarizations. The components of the nuclear spin polarization vector were selected randomly 
in the range 1−  to 1, with subsequent normalization of the polarization vector to 1. The 
results of our simulations are depicted on Fig. 3. It was found that for short times, the time 
dependence of the electron spin density matrix elements is sensitive to the realization. 
However for long times, the behavior of the diagonal matrix elements is close to exponential, 
while the off-diagonal matrix elements are close to zero, in agreement with the expected 
quantum-mechanically-averaged relaxation behavior. 
  Discussion. Let us estimate the electron spin relaxation time (Eq. (16)). Suppose that 
the electron wave packet is localized in the transverse directions on the length of the lattice 
constant b , and in the longitudinal direction on the de Broglie wavelength λ . The value of 
the electron wave function at a nucleus can be estimated as ( ) 

 Ω
= λψ 2
2
0
2
,
b
utri
r
, where Ω  
is the unit cell volume, and the typical value of the square of the appropriately normalized 
Bloch function 
2
0u  for semiconductors is 25
2
0 105 ⋅=u  cm
-3
 [28]. For the density of one 
nuclear spin-1/2 per unit cell, we obtain 
v
b
t =∆ , where the average electron velocity can be 
taken 710=v cm/sec, and, typically, 5=b Å. Since the longitudinal electron wave packet size 
is of order λ , we can define the effective electron-nuclear spin interaction time as 
v
ti
λδ = . 
The final results do not depend on the Broglie wavelength λ  since the constant a  is 
proportional to the product of the wave function square on the nucleus and the effective 
electron-nuclear spin interaction time. With these assumptions, our estimation of the electron 
spin relaxation time is 300 =τ nsec.  
To conclude, we have studied the electron spin relaxation by nuclear spins in 
semiconductors in the framework of a semi-classical approach to the spatial motion. We have 
obtained equations describing the evolution of the electron spin density matrix elements and 
have solved them in illustrative cases, namely for the cases of the fully polarized nuclei and 
unpolarized nuclei. Under conditions assumed, the electron spin polarization relaxes in time 
to the nuclear spin polarization. The observed effect can be used to create spin-polarized 
electrons in spintronic devices. The electron spin relaxation times were estimated. 
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Fig. 1.  Evolution of the electron spin density matrix due to the interaction with the nuclear 
spins completely polarized in the (–z)-direction, 0== yixi PP  , 1−=ziP , 01.0=ia . 
 
Fig. 2.  Evolution of the electron spin density matrix due to the interaction with completely 
polarized nuclear spins in the +x-direction, ,1=xiP  0==
z
i
y
i PP , 01.0=ia . The blue line is 
( )10Re ρ .  
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Fig. 3.  Evolution of the electron spin density matrix elements caused by the interaction with 
unpolarized nuclear spins. Unpolarized nuclear spins were modeled by zero polarization 
vector (dotted and dashed lines) and by unit polarization vector directed randomly (noisy data 
lines): a) 01.0=ia ; b) 003.0=ia .  
 
a) 
b) 
